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Let F(n)q be the n-dimensional vector space over a ﬁnite ﬁeld Fq ,
and let Gn be the symplectic group Spn(Fq) where n = 2ν; or the
unitary group Un(Fq) where q = q20. For any two orbits M1 and M2
of subspaces under Gn , let L1 (resp. L2) be the set of all subspaces
which are sums (resp. intersections) of subspaces in M1 (resp. M2)
such that M2 ⊆ L1 (resp. M1 ⊆ L2). Suppose L is the intersection
of L1 and L2 containing {0} and F(n)q . By ordering L by ordinary or
reverse inclusion, two families of atomic lattices are obtained. This
article characterizes the subspaces in these lattices and classiﬁes
their geometricity.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
We ﬁrst recall some terminologies and deﬁnitions about ﬁnite posets and lattices [1,2]. Let P be a
poset. For a,b ∈ P , we say a covers b, denoted by b <·a, if b < a and there exists no c ∈ P such that
b < c < a. If P has the minimum (resp. maximum) element, then we denote it by 0 (resp. 1) and say
that P is a poset with 0 (resp. 1). Let P be a ﬁnite poset with 0. By a rank function on P , we mean a
function r from P to the set of all the integers such that r(0) = 0 and r(a) = r(b)+1 whenever b <·a.
A poset P is said to be a lattice if both a ∨ b := sup{a,b} and a ∧ b := inf{a,b} exist for any two
elements a,b ∈ P . Let P be a ﬁnite lattice with 0. By an atom in P , we mean an element in P
covering 0. We say P is atomic if any element in P \ {0} is a union of atoms. A ﬁnite atomic lattice P
is said to be a geometric lattice if P admits a rank function r satisfying
r(a ∧ b) + r(a ∨ b) r(a) + r(b), ∀a,b ∈ P .
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be found in Huo, Liu and Wan [4–6], Huo and Wan [7], Gao and You [3], Orlik and Solomon [8], Guo
and Wang [11], Wang and Feng [10], Wang and Li [12].
Suppose Fq is a ﬁnite ﬁeld with q elements, where q is a prime power. Let F
(n)
q be the n-dimen-
sional row vector space over Fq , and let Gn be the symplectic group Spn(Fq) where n = 2ν; or the
unitary group Un(Fq) where q = q20. There is an action of Gn on F(n)q deﬁned as follows:
F
(n)
q × Gn −→ F(n)q ,
((x1, x2, . . . , xn), T ) 	−→ (x1, x2, . . . , xn)T .
Let P be an m-dimensional subspace of F(n)q , denote also by P an m×n matrix of rank m whose rows
span the subspace P and call the matrix P a matrix representation of the subspace P . The above
action induces an action on the set of subspaces of F(n)q ; i.e., a subspace P is carried by T ∈ Gn into
the subspace P T .
For any two orbits M1 and M2 of subspaces under Gn , let L1 (resp. L2) be the set of all subspaces
which are sums (resp. intersections) of subspaces in M1 (resp. M2) such that M2 ⊆ L1 (resp. M1 ⊆ L2).
Suppose L is the intersection of L1 and L2 containing {0} and F(n)q . By ordering L by ordinary or
reverse inclusion, two families of atomic lattices are obtained, denoted by LO or LR , respectively. Sup-
pose the dimension of subspaces in M1 (resp. M2) is m1 (resp. m2) with m1 <m2. For X ∈LO , deﬁne
rO (X) =
⎧⎪⎨
⎪⎩
0, if X = {0},
m2 −m1 + 2, if X = F(n)q ,
dim(X) −m1 + 1, otherwise.
(1)
Then rO is the rank function on LO . For any X ∈LR , deﬁne
rR(X) =
⎧⎪⎨
⎪⎩
0, if X = F(n)q ,
m2 −m1 + 2, if X = {0},
m2 + 1− dim(X), otherwise.
(2)
Then rR is the rank function on LR . In this paper, we characterize the subspaces in the two lattices
and classify their geometricity.
2. The symplectic case
Let F(2ν)q be the 2ν-dimensional vector space over Fq and let
Kl =
(
0 I(l)
−I(l) 0
)
.
The symplectic group of degree 2ν over Fq , denoted by Sp2ν(Fq), consists of all 2ν × 2ν matrices T
over Fq satisfying T Kν T t = Kν . An m-dimensional subspace P is said to be of type (m, s) if P Kν Pt
is of rank 2s. It is known that subspaces of type (m, s) exist if and only if 2s  m  ν + s. More-
over, the set M(m, s;2ν) of all subspaces of type (m, s) forms an orbit under Sp2ν(Fq). For 1m1 <
m2  2ν − 1, let L1(m1, s1;2ν) (resp. L2(m2, s2;2ν)) denote the set of all subspaces which are sums
(resp. intersections) of subspaces in M(m1, s1;2ν) (resp. M(m2, s2;2ν)) such that M(m2, s2;2ν) ⊆
L1(m1, s1;2ν) (resp. M(m1, s1;2ν) ⊆ L2(m2, s2;2ν)). Suppose L(m1, s1;m2, s2;2ν) denotes the in-
tersection of L1 and L2 containing 0 and F
(2ν)
q . By ordering L(m1, s1;m2, s2;2ν) by ordinary or
reverse inclusion, two families of atomic lattices are obtained, denoted by LO (m1, s1;m2, s2;2ν) or
LR(m1, s1;m2, s2;2ν), respectively.
238 K. Wang, J. Guo / Finite Fields and Their Applications 15 (2009) 236–245Lemma 2.1. Let 2s m < ν + s and m 1. For any subspace P of type (m + 1, s), there exist two subspaces
P1 and P2 of type (m, s) such that P = P1 + P2 .
Proof. Since P is of type (m + 1, s),
P Kν P
t =
(
Ks
0(m+1−2s)
)
.
Write
P =
⎛
⎝ P0x1
x2
⎞
⎠ ,
where x1 and x2 are the mth and (m + 1)th row vectors of P , respectively. Then
P1 =
(
P0
x1
)
and P2 =
(
P0
x1 + x2
)
are subspaces of type (m, s) such that P = P1 + P2. 
Lemma 2.2. Let 2sm ν+ s, 2s1 m1  ν+ s1 andm1  1. For any subspace Q of type (m, s), there exist
subspaces P1, P2, . . . , Pl of type (m1, s1) such that Q = P1+ P2+· · ·+ Pl if and only if m−m1  s− s1  0.
Proof. Suppose m −m1  s − s1 = t  0. For any subspace Q of type (m, s), let
Q Kν Q
t =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
Q 0
x1
y1
.
.
.
xt
yt
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
Kν
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
Q 0
x1
y1
.
.
.
xt
yt
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
t
=
⎛
⎜⎜⎜⎜⎜⎝
Ks1
0(m−2s1−2t)
K1
. . .
K1
⎞
⎟⎟⎟⎟⎟⎠
.
Then
Q 1 =
⎛
⎜⎜⎜⎝
Q 0
x1
.
.
.
xt
⎞
⎟⎟⎟⎠ and Q 2 =
⎛
⎜⎜⎜⎝
Q 0
y1
.
.
.
yt
⎞
⎟⎟⎟⎠
are subspaces of type (m − t, s1) such that Q = Q 1 + Q 2.
Let m− t −m1 = t′ . If t′ = 0, then (m− t, s1) = (m1, s1). Now suppose t′  1. For 1 i  t′ − 1, we
have 2s1 m1 + i < ν + s1. By Lemma 2.1, any subspace of type (m1 + i + 1, s1) is the sum of two
subspaces of type (m1 + i, s1). By induction any subspace of type (m− t, s1) = (m1 + t′, s1) is the sum
of some subspaces of type (m1, s1). Therefore, Q is the sum of some subspaces of type (m1, s1), as
desired.
Conversely, by [9, Theorem 3.26], m −m1  s − s1  0. 
Theorem 2.3. For 1 m1 < m2  2ν − 1, L(m1, s1;m2, s2;2ν) consists of {0}, F(2ν)q and all subspaces of
type (m, s) in F(2ν)q satisfying
2sm ν + s, m −m1  s − s1  0, m2 −m s2 − s 0. (3)
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Theorem 2.4. For 1  m1 < m2  2ν − 1, LO (m1, s1;m2, s2;2ν) is a geometric lattice if and only if
(m1,m2, s2) = (1,2ν − 1, ν − 1).
Proof. If (m1,m2, s2) = (1,2ν −1, ν −1), by [7, Theorem 7], LO (1,0;2ν −1, ν −1;2ν) is a geometric
lattice.
Conversely, suppose LO (m1, s1;m2, s2;2ν) is a geometric lattice. If m1 = 1, by [7, Theorem 7]
again, (m2, s2) = (2ν − 1, ν − 1). Now suppose m1 > 1. By the proof of [7, Theorem 8], we may pick
two subspaces U and W of type (m1, s1) such that dim(U + W )m1 + 2 and dim(U ∩ W )m1 − 2.
It follows that rO (U ∨ W ) + rO (U ∧ W ) > rO (U ) + rO (W ), a contradiction. 
Theorem 2.5. For 1  m1 < m2  2ν − 1, LR(m1, s1;m2, s2;2ν) is a geometric lattice if and only if
(m1,m2, s2) = (1,2ν − 1, ν − 1).
Proof. By [7, Theorem 8], LR(1,0;2ν − 1, ν − 1;2ν) is a geometric lattice.
Conversely, suppose LR(m1, s1;m2, s2;2ν) is a geometric lattice. If m1 = 1, by [7, Theorem 8]
again, (m2, s2) = (2ν − 1, ν − 1). Now suppose m1 > 1. If m2 < 2ν − 1, similar to the proof of Theo-
rem 2.4, we may pick two subspaces U and W of type (m2, s2) such that rR(U ∨ W ) + rR(U ∧ W ) >
rR(U ) + rR(W ), a contradiction.
Now suppose that m2 = 2ν − 1.
Case 1. s1 > 0 and m1 < ν + s1. Let
U =
⎛
⎝
s1 1 m1 − 2s1 ν + s1 −m1 − 1 s1 + 1 m1 − 2s1 ν + s1 −m1 − 1
I 0 0 0 0 0 0
0 0 0 0 I 0 0
0 0 I 0 0 0 0
⎞
⎠,
W =
(1 ν − 1 ν
0 I 0
0 0 I
)
.
Then U is of type (m1 + 1, s1), W is of type (2ν − 1, ν − 1), and U ,W ∈LR(m1, s1;2ν − 1, ν − 1;2ν).
Since U + W = F(2ν)q and U ∩ W is of type (m1, s1 − 1), rR(U ∨ W ) + rR(U ∧ W ) > rR(U ) + rR(W ), a
contradiction.
Case 2. s1 > 0 and m1 = ν + s1 or s1 = 0. If s1 = 0, then m1 −2s1 −1 1. If s1 > 0 and m1 = ν + s1,
by 2m1  2ν − 2, we obtain s1  ν − 2, i.e., m1 − 2s1 − 1 1. Let
U =
⎛
⎝
s1 + 1 m1 − 2s1 − 1 ν + s1 −m1 s1 + 1 m1 − 2s1 − 1 ν + s1 −m1
I 0 0 0 0 0
0 0 0 I 0 0
0 I 0 0 0 0
⎞
⎠,
W =
⎛
⎜⎜⎝
s1 + 1 m1 − 2s1 − 2 1 ν + s1 −m1 ν
I 0 0 0 0
0 I 0 0 0
0 0 0 I 0
0 0 0 0 I
⎞
⎟⎟⎠.
Then U is of type (m1+1, s1+1), W is of type (2ν−1, ν−1) and U ,W ∈LR(m1, s1;2ν−1, ν−1;2ν).
Since U + W = F(2ν)q and U ∩ W /∈ LR(m1, s1;2ν − 1, ν − 1;2ν), rR(U ∨ W ) + rR(U ∧ W ) > rR(U ) +
rR(W ), a contradiction. 
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Let Fq be a ﬁnite ﬁeld with q elements, where q = q20 and q0 is a prime power. Fq has an invo-
lutive automorphism a 	→ a = aq0 , whose ﬁxed ﬁeld is Fq0 . The unitary group of degree n over Fq ,
denoted by Un(Fq), consists of all n × n matrices T over Fq satisfying T T t = I(n) , where T denotes
the matrix obtained from T by replacing each entry in T by its image under the involutive auto-
morphism a 	→ a. An m-dimensional subspace P is said to be of type (m, r) if P Pt is of rank r.
It is known that subspaces of type (m, r) exist if and only if 2r  2m  n + r. Moreover, the set
M(m, r;n) of all subspaces of type (m, r) forms an orbit under Un(Fq). For 1  m1 < m2  n − 1,
let L1(m1, r1;n) (resp. L2(m2, r2;n)) denote the set of all subspaces which are sums (resp. intersec-
tions) of subspaces in M(m1, r1;n) (resp. M(m2, r2;n)) such that M(m2, r2;n) ⊆ L1(m1, r1;n) (resp.
M(m1, r1;n) ⊆ L2(m2, r2;n)). Suppose L(m1, r1;m2, r2;n) denotes the intersection of L1 and L2 con-
taining {0} and F(n)q . By ordering L(m1, r1;m2, r2;n) by ordinary or reverse inclusion, two families of
atomic lattices are obtained, denoted by LO (m1, r1;m2, r2;n) or LR(m1, r1;m2, r2;n), respectively.
Lemma 3.1. Let 2r  2m  n + r − 2 and m  1. For any subspace P of type (m + 1, r), there exist two
subspaces P1 and P2 of type (m, r) such that P = P1 + P2 .
Proof. Since P is of type (m, r), we may assume that
P Pt =
(
I(r)
0(m+1−r)
)
.
Write
P =
⎛
⎝ P0x1
x2
⎞
⎠ ,
where x1 and x2 are the mth and (m + 1)th row vectors of P , respectively. Then
P1 =
(
P0
x1
)
and P2 =
(
P0
x1 + x2
)
are subspaces of type (m, r) such that P = P1 + P2. 
Lemma 3.2. Let 2  2r  2m < n + r. For any subspace P of type (m + 1, r + 1), there exist two subspaces
P1 and P2 of type (m, r) such that P = P1 + P2 .
Proof. Since P is of type (m + 1, r + 1), we may assume that
P Pt =
⎛
⎝ I
(r−1)
0(m−r)
I(2)
⎞
⎠ .
Write
P =
⎛
⎝ P0x1
x2
⎞
⎠ ,
K. Wang, J. Guo / Finite Fields and Their Applications 15 (2009) 236–245 241where x1 and x2 are the mth and (m + 1)th row vectors of P , respectively. Then
P1 =
(
P0
x1
)
and P2 =
(
P0
x2
)
are subspaces of type (m, r) such that P = P1 + P2. 
Lemma 3.3. Let 2 2m1  n and 2r  2m n + r. For any subspace Q of type (m, r), there exist subspaces
P1, P2, . . . , Ph of type (m1,0) such that Q = P1 + P2 + · · · + Ph if and only if 2m− 2m1  r  0 and r = 1.
Proof. Suppose 2m − 2m1  r  0 and r = 1. Let m −m1 = t + t′ and r = 2t + l, where l = 0 or 1. We
distinguish the following two cases:
Case 1. l = 1. Note that r  3, t′  1 and 2(r − 1)  2(m − 1) < n + (r − 1). By Lemma 3.2, any
subspace Q of type (m, r) is the sum of two subspaces Q 1 and Q 2 of type (m− 1, r − 1) = (m1 + t′ −
1+ t,2t). Let Q = Q 1 + Q 2, where Q 1 and Q 2 are two subspaces of type (m − 1, r − 1). Suppose
Q 1Q 1
t =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
Q 0
x1
y1
.
.
.
xt
yt
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
Q 0
x1
y1
.
.
.
xt
yt
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
t
=
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
0(m−2t−1)
0 1
1 0
. . .
0 1
1 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
.
Then
Q 3 =
⎛
⎜⎜⎜⎝
Q 0
x1
.
.
.
xt
⎞
⎟⎟⎟⎠ and Q 4 =
⎛
⎜⎜⎜⎝
Q 0
y1
.
.
.
yt
⎞
⎟⎟⎟⎠
are subspaces of type (m1 + t′ − 1,0) such that Q 1 = Q 3 + Q 4. Note that (m1 + t′ − 1,0) is the sum
of some subspaces of type (m1,0). Therefore, Q is the sum of some subspaces of type (m1,0).
Case 2. l = 0. The proof is similar to that of Case 1, and will be omitted.
Conversely, by [9, Theorem 5.27], 2m − 2m1  r  0. Assume that U is a subspace of type (m,1)
such that
UUt =
(
1
0(m−1)
)
.
Write
U =
(
x
U0
)
,
where x is the ﬁrst row vector of U . Then any m1-dimensional subspace Q in U has matrix repre-
sentation
⎛
⎜⎜⎜⎝
a1x+ y1
a2x+ y2
.
.
.
a x+ y
⎞
⎟⎟⎟⎠ ,m1 m1
242 K. Wang, J. Guo / Finite Fields and Their Applications 15 (2009) 236–245where yi ∈ U0, ai ∈ Fq . If Q is a totally isotropic subspace, then
(aix+ yi)(aix+ yi)t = aiaixxt = aiai = 0.
It follows that ai = 0 for each i. Therefore, U is not the sum of some subspaces of type (m1,0). 
Lemma 3.4. Let 2  2r1  2m1  n + r1 and 2r  2m  n + r. For any subspace Q of type (m, r), there
exist subspaces P1, P2, . . . , Pl of type (m1, r1) such that Q = P1 + P2 + · · · + Pl if and only if 2m − 2m1 
r − r1  0.
Proof. The proof is similar to that of Lemma 3.3, and will be omitted. 
Theorem 3.5. Let 1m1 <m2  n − 1.
(i) For r1  1 and 2m2 < n + r2 , L(m1, r1;m2, r2;n) consists of {0}, F(n)q and all subspaces of type (m, r) in
F
(n)
q satisfying
n + r  2m 2r, 2m − 2m1  r − r1  0, 2m2 − 2m r2 − r  0. (4)
(ii) For r1 = 0 and 2m2 < n + r2 , L(m1, r1;m2, r2;n) consists of {0}, F(n)q and all subspaces of type (m, r) in
F
(n)
q satisfying
n + r  2m 2r = 2, 2m − 2m1  r − r1  0, 2m2 − 2m r2 − r  0. (5)
(iii) For r1  1 and 2m2 = n+ r2 , L(m1, r1;m2, r2;n) consists of {0}, F(n)q and all subspaces of type (m, r) in
F
(n)
q satisfying
n + r  2m 2r, 2m − 2m1  r − r1  0, 2m2 − 2m r2 − r  0,
(m, r) = (m2 − t − 1, r2 − 2t − 1) for some integer t  0. (6)
(iv) For r1 = 0 and 2m2 = n + r2 , L(m1, r1;m2, r2;n) consists of {0}, F(n)q and all subspaces of type (m, r) in
F
(n)
q satisfying
n + r  2m 2r = 2, 2m − 2m1  r − r1  0, 2m2 − 2m r2 − r  0,
(m, r) = (m2 − t − 1, r2 − 2t − 1) for some integer t  0. (7)
Proof. By Lemmas 3.3, 3.4 and [4, Theorem 13], it is directed. 
Theorem 3.6. For 1  m1 < m2  n − 1, LO (m1, r1;m2, r2;n) is a geometric lattice if and only if
(m1, r1;m2, r2;n) = (1,0;2,2;3).
Proof. It is routine to check that LO (1,0;2,2;3) is a geometric lattice. Suppose LO (m1, r1;m2, r2;n)
is a geometric lattice. If m1  2. By the proof of [7, Theorem 11], we may pick two subspaces W and
U of type (m1, r1) such that rO (U ∨ W ) + rO (U ∧ W ) > rO (U ) + rO (W ), a contradiction.
Now suppose m1 = 1. For 1  j  n, let e j denote the n-dimensional row vector whose jth
component is 1 and all other components are 0. Let λ be a solution of the equation xx = −1 (see
[9, Lemma 5.1]). We distinguish the following two cases:
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Case 1.1. r2 = 0. Note that both U = 〈e1 + λe2〉 and W = 〈e1 + λe3〉 are subspaces of type (1,0),
and U + W is of type (2,2).
Case 1.2. m2 > r2  2. Let
U =
(
I(r2) 0 0 0
0 I(m2−r2−1) λI(m2−r2−1) 0
)
, W = 〈e1 + λen〉.
Then U is of type (m2 − 1, r2), W is of type (1,0), and U + W is of type (m2, r2 + 1).
Case 1.3. m2 = r2  3. By m2  n − 1, 2m2 < n + r2. Let
U = ( I(m2−1) 0 0 ) , W = 〈en−1 + λen〉.
Then U is of type (m2 − 1,m2 − 1), W is of type (1,0), and U + W is of type (m2,m2 − 1).
Case 1.4. m2 = r2 = 2 and n  4. Note that both U = 〈e1 + λe3〉 and W = 〈e2 + λe4〉 are of type
(1,0) such that U + W is of type (2,0).
Case 2. r1 = 1. We further distinguish the following two cases:
Case 2.1. m2 > r2. In this case 2m2 − r2 − 2 < n. Let
U =
(
I(r2) 0 0 0
0 I(m2−r2−1) λI(m2−r2−1) 0
)
, W = 〈en〉.
Then U is of type (m2 − 1, r2), W is of type (1,1), and U + W is of type (m2, r2 + 1).
Case 2.2. m2 = r2. Let
U = ( I(m2−1) 0 ) , W = 〈e1 + em2 + λem2+1〉.
Then U is of type (m2 − 1,m2 − 1), W is of type (1,1), and U + W is of type (m2,m2 − 1).
In all of above cases, by Theorem 3.5, U and W are subspaces in LO (m1, r1;m2, r2;n) satisfying
U ∧W = {0}, U ∨W = F(n)q . It follows that rO (U ∨W )+ rO (U ∧W ) > rO (U )+ rO (W ), a contradiction.
Hence, (m1, r1;m2, r2;n) = (1,0;2,2;3), as desired. 
Theorem 3.7. For 1  m1 < m2  n − 1, LR(m1, r1;m2, r2;n) is a ﬁnite geometric lattice if and only if
(m1, r1;m2, r2;n) = (1,1;2,1;3).
Proof. It is routine to check that LO (1,1;2,1;3) is a geometric lattice. Suppose LR(m1, r1;m2, r2;n)
is a geometric lattice. If m2 < n − 1, by the proof of [7, Theorem 11], we may pick two subspaces
U and W of type (m2, r2) such that rR(U ∨ W ) + rR(U ∧ W ) > rR(U ) + rR(W ), a contradiction. Now
suppose m2 = n− 1. Let λ be a solution of equation xx = −1 (see [9, Lemma 5.1]). We distinguish the
following two cases:
Case 1. r2 = n − 1.
Case 1.1. r1 = 0. Let
U =
(
I(2) 0 0 0
0 I(m1−1) λI(m1−1) 0
)
, W = ( 0(n−1,1) I(n−1) ) .
Then U is of type (m1 + 1,2), W is of type (n − 1,n − 1), and U ∩ W is of type (m1,1).
244 K. Wang, J. Guo / Finite Fields and Their Applications 15 (2009) 236–245Case 1.2. 0 < r1 <m1. Note that n − r1 − 2 1. Let
U =
(
I(r1+2) 0 0 0
0 I(m1−r1−1) λI(m1−r1−1) 0
)
, W =
(
I(r1+1) 0 0
0 0 I(n−r1−2)
)
.
Then U is of type (m1 + 1, r1 + 2), W is of type (n − 1,n − 1), and U ∩ W is of type (m1, r1 + 1).
Case 1.3. r1 =m1. Let
U =
⎛
⎝ 1 0 λ 0 00 1 λ 0 0
0 0 0 I(m1−1) 0
⎞
⎠ , W = ( 0(n−1,1) I(n−1) ) .
Then U is of type (m1 + 1,m1 + 1), W is of type (n − 1,n − 1), and U ∩ W is of type (m1,m1 − 1).
Case 2. r2 = n − 2 and n 4. Let
W =
(
1 λ 0
0(n−2,1) 0(n−2,1) I(n−2)
)
.
We further distinguish the following two cases:
Case 2.1. r1 = 0. Let
U =
⎛
⎝ 1 0 0 0 00 I(m1−1) λI(m1−1) 0 0
0 0 0 0 1
⎞
⎠ .
Then U is of type (m1 + 1,2) such that dim(U ∩ W ) =m1 and en ∈ U ∩ W .
Case 2.2. r1  1. Then there exists a subspace of type (m1 + 1, r) in LR(m1, r1;n − 1,n − 2;n). By
Theorem 3.5, the case r = 1 and n = 4 does not appear.
Case 2.2.1. r = r1 + 2. Let
U =
⎛
⎝ 1 0 0 0 00 I(m1−r1−1) λI(m1−r1−1) 0 0
0 0 0 0 I(r1+1)
⎞
⎠ .
Then U is of type (m1 + 1, r1 + 2) such that U ∩ W is of type (m1,ω), where ω r1 + 1.
Case 2.2.2. r = r1 + 1 and m1 > r1. Let
U =
⎛
⎜⎜⎝
1 λ 0 λ2 0 0 0
0 1 0 λ 0 0
0 0 I(m1−r1−1) 0 λI(m1−r1−1) 0 0
0 0 0 0 0 0 I(r1)
⎞
⎟⎟⎠ .
Then U is of type (m1 + 1, r1 + 1) such that U ∩ W is of type (m1, r1 + 1).
Case 2.2.3. r = r1 + 1 and m1 = r1. Let
U =
(
I(2) 0 0
0 0 I(m1−1)
)
.
Then U is of type (m1 + 1, r1 + 1) such that U ∩ W is of type (m1, r1 − 1).
K. Wang, J. Guo / Finite Fields and Their Applications 15 (2009) 236–245 245Case 2.2.4. r = r1 and r1  2. Let
U =
⎛
⎝ I
(2) 0 0 0 0
0 I(m1−r1+1) λI(m1−r1+1) 0 0
0 0 0 0 I(r1−2)
⎞
⎠ .
Then U is of type (m1 + 1, r1) such that U ∩ W is of type (m1, r1 − 2).
Case 2.2.5. r = r1 = 1 and n 5. Let
U0 =
⎛
⎝ 1 0 0 0 00 I(m1−1) λI(m1−1) 0 0
0 0 0 0 I(2)
⎞
⎠ .
Then U0 is of type (m1 +2,3) and U = U0 ∩W is of type (m1 +1,3). If U ∈LR(m1,1;n−1,n−2;n),
by Case 2.2.1, we obtain dim(U ∩ W ) =m1 and en ∈ U ∩ W .
In all above cases, by Theorem 3.5, U and W are subspaces in LR(m1, r1;m2, r2;n) satisfying
U ∨ W = {0}, U ∧ W = F(n)q . It follows that rR(U ∨ W )+ rR(U ∧ W ) > rR(U )+ rR(W ), a contradiction.
Hence, (m1, r1;m2, r2;n) = (1,1;2,1;3), as desired. 
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